Fourier Analysis
A Supplement to “Precision Cosmology”
Bernard Jones

The Fourier representation of functions plays an important part on all branches of physics
and engineering, as well as in other fields like finance. There are numerous forms of the
Fourier representation and here the focus is on the relationships between these forms.

This is one of a set of Supplementary Notes and Chapters to “Precision Cosmology”.
Some of these Supplements might have been a chapter in the book itself, but were regarded either as
being somewhat more specialised than the material elsewhere in the book, or somewhat tangential
to the main subject matter.
The are mostly early drafts and have not been fully proof-read.
Please send comments on errors or ambiguities to “PrecisionCosmology(at)gmail.com”.
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1

Fourier Analysis
1.1 Fourier representation of random fields
It has become customary to represent functions in general and random fields in particular
as the superposition of sinusoidal oscillations. In random function theory this provides an
alternate view of functions that offers considerable insight into the nature of the underlying
random processes and provides methods of characterising random functions. However, in
the final analysis, what we most frequently measure and use in our theories are distribution
functions and correlation functions of the various fields concerned.

Short biography:

Joseph Fourier (1768-1830) Orphaned by the time he was 10 years of age,
Fourier attended the École Royale Militaire of Auxerre in 1780 and by 1783 showed considerable distinction in mathematics. He was an active supporter of the French Revolution, though not of the period
of Terror, and was himself imprisoned in 1794. Following the death of Robespierre, he was freed and
attended the École Normale in Paris where he was taught by Lagrange, Laplace and Monge. In 1797 he
succeeded Lagrange at the École Polytechnique in the chair of Analysis and Mechanics. Between 1804
and by 1807 he worked on his memoir, “ On the Propagation of Heat in Solid Bodies”. The work was
heavily criticised by Lagrange and Laplace who complained that functions simply could not be expanded
in series of trignometric functions. Nonetheless, he submitted this memoir for a prize in 1811. Lagrange
and Laplace were members of the prize committee who, somewhat grudgingly, awarded Fourier the
prize. Fourier was the first person to draw attention to the so-called “Greenhouse Effect” and might well
be regarded as the founder of the study of planetary atmospheres (Pierrehumbert, 2004).

Fourier analysis is named after Joseph Fourier who introduced the technique in his book
Theorie Analytique de la Chaleur Fourier (1822). The work in fact dates from around
1807 when Fourier published a memoir on the subject, but was not available in English
until Cambridge University Press published a translation by Alexander Freeman in 1878.
Originally the technique was used to analytically solve partial differential equations, but
it has survived and thrived in the computer age with the advent of the Discrete Fourier
Transform (‘DFT’) and the Fast Fourier Transform (“FFT”).1
The seminal modern work on the Fourier transform is perhaps that of Bracewell (1991).
1

As with all histories there are those who are readily recognised for their contributions and those who are not.
What is perhaps most remarkable is that Gauss had written a paper as early as 1805 or 1806 on the orbit of
the asteroid Juno which had been discovered by Harding in 1804. In that paper he used what we would now
refer to as the Fourier representation of the orbit. Remarkably, Gauss’ algorithm for computation was what we
now refer to as the “Fast Fourier Transform”. This work was only published in Gauss’ collected works (Gauss,
1866), and remained unknown until Goldstine (1977, pp. 249-253) drew attention to it.

1
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1.2 Functions on a finite interval: Fourier series
There are several variants and approaches to representing a function f (x) as a combination
of sine and cosine functions of different frequencies. There is the Fourier series representation of a function f (θ) on the interval θ ∈ [−π, π]:
∞

X
1
(An cos nθ + Bn sin nθ)
A0 +
2
n=1
Z
1 π
An =
f (θ) cos nθ dθ, n = 0, 1, . . .
π −π
Z
1 π
Bn =
f (θ) sin nθ dθ, n = 1, 2, . . .
π −π

f (θ) =

(1.1)
(1.2)
(1.3)

This was the essence of the pioneering work of Gauss1 and Fourier and what Lagrange
and Laplace had objected to. The extension of such representations outside of the interval
[−π, π] is periodic.

1.2.1 Real Fourier series
By redefining a variable x
x=

θL
2π

(1.4)

we get a representation of f (x) on the interval [−L/2, L/2]:
!
∞
X
1
2πnx
2πnx
f (x) = A0 +
An cos
+ Bn sin
2
L
L
n=1
Z L/2
Z L/2
2πnx
2
2πnx
2
An =
f (x) cos
dx,
Bn =
f (x) sin
dx,
L −L/2
L
L −L/2
L

(1.5)
(1.6)

Here n runs through the values n = 0, 1, . . . ∞ if we define B0 = 0. The functions f (θ)
and f (x) defined through these series expansions are periodic if extended outside of their
respective domains [0, 2π] and [−L/2, L/2]. The mean square value of the function f (x) is
given by
Z
∞
1 L/2
1X 2
2
h f (x) i =
f (x)2 dx = A20 +
(A + B2n )
(1.7)
L −L/2
2 n=1 n
This is sometimes referred to as Rayleigh’s theorem for the Fourier series representation of
a function f (x) defined on an interval [−L/2, L/2]. It is a Fourier series variant of Parseval’s
theorem that applies to Fourier transforms. We shall be discussing a number of variants of
the Fourier representation of functions, each with its own version of the Parseval theorem.
Because sin(−x) = − sin x and cos(−x) = cos x we can write (1.5) as
!
∞
X
2πnx
2πnx
f (x) =
an cos
+ bn sin
(1.8)
L
L
n=−∞
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where An = an + a−n and Bn = bn − b−n . We then have 2a±n = An and 2b±n = (−1)n Bn , thus
eliminating the factors of 2 that multiply the integrals in (1.6).

1.2.2 Complex Fourier series
We can rewrite either representation (1.5) or (1.8) in an the equivalent complex form
Complex Fourier series representation

f (x) =

∞
X

n=−∞

cn exp

"

#
2πinx
,
L

cn =

1
L

Z

L/2

−L/2

"
#
2πinx
f (x) exp −
L

(1.9)

where the relationship between the cn and the an , bn of equation (1.8) is
cn = (an − ibn )/2, n > 0,

cn = (an + ibn )/2, n < 0

(1.10)

As with (1.6) the Fourier representation of f (x) on the interval [−L/2, L/2] is periodic
if extended outside of that interval. It should also be noted that the coefficients cn will
be complex numbers and can be written as an amplitude Cn = | cn | and a phase angle
φn = argcn . With that, the Fourier series is
!
∞
X
2πinx
f (x) =
Rn exp
(1.11)
+ φn
L
n=−∞
The Rn and φn are respectively referred to as the amplitude and phase of the nth Fourier
component.

1.2.3 Parseval’s theorem
From here it is but a short step to the important Parseval theorem2
Z
∞
X
1 L/2
| f (x) |2 dx =
| cn | 2
L −L/2
n=−∞

(1.13)

This illustrates one of the important features of data representation by orthogonal functions: the sum on the right hand side is a sum of the squared moduli of the individual
amplitudes an , and involves no cross-terms involving cross-products a∗m an . In this sense
the components in the Fourier representation make independent contributions to the integral of | f (x) |2 . This in turn means that we could truncate the sum on the right hand side
2

A more accurate statement of Parseval’s theorem concerns two periodic (possibly complex valued) functions,
A(x) and B(x), on the real line. If A(x) and B(x) are Riemann integrable with Fourier series representations
inx and B(x) = Σ∞ b einx then
A(x) = Σ∞
−∞ an e
−∞ n
1
2π

Z

π
−π

A(x)B(x)∗ dx =

∞
X

an b∗n .

−∞

where ∗ denoted complex conjugation. Equation (1.13) is a special case of this with A(x) = B(x).
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after a given number of terms without influencing the contribution of the lower-n terms in
representing the function.

Short biography:

Marc-Antoine Parseval 1755-1836 Parseval was a minor royalist noble at
the time of the French Revolution and was imprisoned in 1792, later to be freed with the rise of Napoleon.
However, as a consequence of his publishing critiques of Napoleon’s regime, he had to escape from
France in order to avoid a warrant for his arrest. He later returned to Paris. Parseval was not a particularly distinguished mathematician: he wrote only five papers and was never elected to the Académie de
Sciences.

1.3 Functions on the real line: Fourier transforms
We can now take the limit as L → ∞ of (1.9). To achieve this it is convenient to make the
transformation of variables:
ω=

2πn
,
L

g(ω) = 2πL cn

(1.14)

In the limit n → ∞, this replaces the discrete n-labels on the cn with the continuous variable
ω, and the discrete set of coefficients an with the continuous function g(ω). As the size L of
the interval increases during this limiting process, a fixed value of y corresponds to a value
of n such that n/L is fixed. The variable ω is referred to as the angular frequency.3
Going through the mathematics4 we get
3

4

The angular frequency ω is measured in radians per second, this is the SI unit irrespective of whether we refer
to the time or the space domain. In the time domain ω is associated with a period of oscillation T = 2π/ω
seconds. If we associate a so-called ordinary frequency ν = ω/2π with this, then ν is conventionally measured
in Hertz. In engineering we often see the symbol f used for ν. In the space domain we identify a wavelength
λ = 2π/ω with a mode of spatial frequency ω.
The tricky part of the limiting process is to convert the sum in the first of equations (1.9) into an integral.
Schematically, the argument involves defining a frequency ω = (2π/L)n and replacing the an by (2π/L) g(ω).
From this definition of ω, the interval of frequency dω corresponds to an interval dn of n given by dω =
(2π/L)dn. In the sum, the value of dn is dn = 1 and so with this we have
f (x) =

∞
X

n=∞

cn e2πinx/L →

Z

∞

L
2π
g(ω) eiωx
dω =
2π
−∞ |L {z } |{z} |{z}
cn

e2πinx/L

Z

∞

g(ω) eiωx dω

(1.15)

−∞

dn

See also Jackson (1998, §2.9), but note that Jackson uses a different normalisation for g(ω). This is, in essence,
the definition of the Riemann integral appearing on the right hand side.
The formal proof requires two conditions on f (x) (due to Dirichlet). Firstly f (x) must be piecewise
R ∞ smooth
and have only a finite number of discontinuities and maxima on all finite intervals. Further, −∞ | f (x) | dx
should converge. Neither of these conditions is true for a homogeneous stochastic (random) function and so,
for such a function f (x), there is no prior guarantee that there exists any such Riemann integrable function
The technical way around this is to say that there exists a density dG(ω) such that the right hand side,
Rg(ω).
∞ iωx
e dG(ω) exists in the Riemann-Stieltjes sense. For simplicity we can think that dG(ω) = g(ω)dω. See
−∞
Batchelor (1982, §2.5) in the context of turbulent flow, and Martinez and Saar (2001, §7.2.2) and Adler (1981)
in the context of statistics for more about this.
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Fourier transform on :

f (x) =

Z

∞

g(ω) e

iωx

−∞

dω,

1
g(ω) =
2π

Z

∞

f (x) e−iωx dx

(1.16)

−∞

g(ω) is referred to as the Fourier transform of f (x), while f (x) is the inverse Fourier
transform of g(ω). The direction is defined by the sign in the exponential. Note how the
normalisation factor 1/2π has appeared in the transform from real space f (x) to frequency
space g(ω). We shall have a lot to say about that later.
The same limiting process leads to the version of Parseval’s theorem (1.13) for the
Fourier representation of a function on the entire real line:
Parseval’s theorem on the real line

Z

∞

−∞

| f (x) |2 dx =

1
2π

Z

∞

−∞

| g(ω) |2 dω,

| g(ω) |2 = g∗ (ω) g(ω)

(1.17)

The function g(ω) is generally a complex valued function which we can write g(ω) as the
sum of its real and imaginary parts:
g(ω) = gR (ω) + igI (ω);

gR (ω) = Re[g(ω)], gI (ω) = Im[g(ω)]

(1.18)

The Fourier transform g(ω) has the following symmetries:
f (x) real
f (x) even
f (x) odd
These must be
checked for

gR (ω) is even gI (ω) is odd
g(ω) is even
g(ω) is odd

There are extensive tables of Fourier transforms of functions f (x). A small but interesting
sample is provided in Table 1.1.

normalisation!

1.4 Normalisations factors, notation and other
conventions
1.4.1 The 2π normalisation factors
As stressed by Bracewell (1991) in his opening chapter there is no unique normalisation
for the Fourier transform.
The normalisation factors of 1/2π appearing in (1.16) and (1.129) arise from the route we
have taken from the Fourier series to the Fourier transform. In particular, the normalisation
of g(ω) in its definition in equation (1.14) is somewhat arbitrary and becomes
a matter of
√
convention. Had we taken a slightly different normalisation, h(ω) = 2πL an , we would
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Table 1.1 Some Fourier transform pairs
f (x)

F(ω) =

1
2π

δ(x − x0 )

1
2π
1 −iωx0
e
2π

1

δ(x)

e−α| x | , α > 0)

δ(x)

2

e−αx , α > 0
a
b
c

Z

∞

f (x) e−iωx dx

f (x)

F(ω) =

−∞

1
2π

Z

∞

f (x) e−iωx dx

−∞

1
α
π α2 + ω2

f (x) sin Ωx
 x
b
rect
L

1
(δ(ω + Ω) + δ(ω − Ω))
2
i
(δ(ω + Ω) − δ(ω − Ω))
2
i
[F(ω + Ω) − F(ω − Ω)]
4π
 ωL 
L
c
sinc
2π
2

1 −ω2 /4α
√ e
2α π

dn f
dxn

(iω)n
F(ω)
2π

cos Ωx
sin Ωx

a

F(ω) is Fourier transform of f (x) as indicated in the column headers.
rect(x) = 1 if | x | ≤ 1/2, 0 otherwise.
sinc(x) = (sin πx)/πx.

have reached a Fourier transform that had a more symmetrical appearance:
Z ∞
Z ∞
1
1
f (x) = √
h(ω) eiωx dω,
h(ω) = √
f (x) e−iωx dx
2π −∞
2π −∞

(1.19)

In fact, with arbitrary normalisation we would always end up with forward and backward
transforms of the form
Z ∞
Z ∞
1
iωx
f (x) = A
h(ω) e dω,
h(ω) = B
f (x) e−iωx dx, AB =
(1.20)
2π
−∞
−∞
for the transform and its inverse. But no matter which normalisation we choose we must
always have AB = 1/2π. In general, the usual choice is perhaps A = 1/2π, though in
cosmology there is a prevalence of A = 1 and B = 1/2π.
In engineering there is a tendency to work in terms of the ’ordinary frequency’ ν =
ω/2π, measured in Hertz (Hz, cycles per second) in the time domain rather than angular
frequency ω measured in radians per second. With B = 1, the Fourier transform (1.20)
becomes symmetric when expressed in terms of ν and we can write the Fourier transform
pair f (x) ↔ s(ν) as:
Z ∞
Z ∞
s(ν) =
f (x) e−2πiνx dx,
f (x) =
s(ν) e2πiνx dν
(1.21)
−∞

−∞

The relationship between s(ν) and h(ω) is
h(ω) = s(ν) ν=ω/2π ,

ω = 2πν

(1.22)

This can be traced back to the choice of variables (1.14) used in deriving the Fourier transform on the real line. In this case the definition of ω in (1.14) would be replaced by ν = n/L.
This variant has the perceived advantage that the Fourier transform of the delta function
f (x) = δx is s(ν) = 1.
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The other issue concerns the sign of the frequency used in equations (1.16) and (1.129).
If in (1.16) we regard f (x) as the ‘real world’ function of our perception and g(ω) as the
‘mathematical’ transform space, we see that the transformation from the real world to the
mathematical world, f (x) → g(ω) involves an integration with e−iωx while the reverse
transformation g(ω) → f (x) involves eiωx . Because our Fourier transform involves all
frequencies −∞ < ω < ∞ we could make the transforms look different by making the
swap ω → −ω. In the case of the symmetric form (1.19) this swap makes no difference
except with regard to the physical issue of which of f (x) and g(ω) is regarded as the ‘real
world’.8

1.4.2 The Fourier transform in cosmology
The Fourier transform is used in cosmology, particularly in the discussion of linear, small
amplitude, perturbations, in order to split the random density field into independent sinusoidal modes. Each mode has a wavelength and the evolution of a mode depends directly
on the physics that applies to that scale. The issue of normalisation is however ever present.
Pre-empting our discussion of the Fourier transform in 3-dimensions the safest approach
is to introduce an arbitrary normalisation factor V such that the Fourier transform, F(k), of
a field f (x), and its inverse are given by
Z
Z
1
V
ik·x
F(k)
e
dk,
F(k)
=
f (x) e−ik·x dx.
(1.23)
f (x) =
V V
(2π)3 V
The volume V is notionally the volume of the universe, or of a large enough representative sample. The product of the pre-multiplying factors is (2π)3 , as it should be in the
3-dimensional case, whatever the value of V.9 See also section 1.15.1, equations (1.132)
and (1.133).
The convention adopted in this book is V = (2π)3, so that the real space value of f (x)
is simply the sum over Fourier components eik·x weighted by their amplitudes dF(k) =
F(k)dk.

1.4.3 Why Fourier transforms?
The Fourier transform is by no means the only transform available: we could in principle
use any set of orthogonal functions to describe a random field. So we should wonder under
what circumstances the Fourier transform is the appropriate tool for analysis of random
fields.
The Fourier transform, in 3 , is tied to the notion of rectangular Cartesian coordinates,
while the discrete version, which acts on a Cartesian grid in a finite box, imposes additional
conditions of periodicity on the box boundaries. This makes it less suitable for describing
data on a sphere, or large scale data on a curved space-time manifold where the deviations
8
9

Jackson (1998) and Arfken and Weber (2005) both use the definition (1.19) but Arfken reverses the sign of the
frequency, ω → −ω. Press et al. (2007, §12.0) use (1.21), but with the sign of the frequency reversed.
As Kolb and Turner (1990, §9.2.2, footnote 7, p.325) suggest, we can ignore the factors of V since they play
no crucial role.
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Table 1.2 Some properties of Fourier transforms
a

Function f (x)

Fourier transform F(ω) b

constants

F(ω) = aF1 (ω) + bF2 (ω)
1 ω
F
|α|
α

a, b

Linearity

f (x) = a f1 (x) + b f2 (x)

Scaling

f (αx)

Shifting

f (x − x0 )

Multiplication

f1 (x) f2 (x)
Z ∞
f (x) =
f1 (ξ) f2 (x − ξ) dξ

Convolution

F(ω) e−ωx0
Z ∞
F1 (σ)F2 (ω − σ) dσ

α
x0

−∞

F(ω) = F1 (ω)F2 (ω)

−∞

a
b

Check these for
normalisation

f (x) ⇔ F(ω), f1 (x) ⇔ F1 (ω), f2 (x) Z
⇔ F2 (ω) are Fourier transform pairs
Z ∞
∞
1
F(ω)eiωx dω and F(ω) =
f (x)e−iωx dx
2π −∞
−∞

The convention used here is f (x) =

from Euclidean geometry may become important. Indeed, it is essential that the orthogonal
functions used to represent data somehow reflect the boundary conditions on the data. Data
on a sphere is periodic in the azimuthal angle, and so our chosen functions should reflect
that.
Even in a Euclidean geometry with a Cartesian coordinate system, the Fourier transform
is difficult to apply to a random field defined on a random set of points without re-sampling
the data onto a discrete grid.
Nonetheless, Fourier transforms have a number of very desirable properties some of
which are summarised in table 1.2.

1.5 The Dirac delta-function
1.5.1 A definition
We will occasion to use a function called the Dirac delta-function, δ(x) that is zero everywhere except at x = 0 and whose integral is unity:
δx = 0,
Z

I

δ(x)dx = 1,

x , 0,

(1.24)

x=0 ∈I

(1.25)

Technically speaking, δ(x) is a generalised function, rather than a a function that is defined
on an interval. It has the important property that
Z
f (y) δ(x − y) dy = f (x), ∀x ∈ I
(1.26)
I
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1.5.2 Dirac delta-function and the Fourier transform
For practical purposes, the δ-function is usually viewed as the limit of a Gaussian function
of unit area when the width, or variance, tends to zero. An alternate model that relates the
δ-function to the Fourier transform, is to write
sin wx
(1.27)
πx
As w → ∞ the function sin wx/x → w and has width 2π/w: it gets more spike-like. The
integral of sin wx/x over the entire real line is 1, whatever the value of w. We notice from
this definition12 (1.27) that
Z ∞
1
δ(x) =
eiωx dω
(1.29)
2π −∞
δ(x) = lim

w→∞

The δ-function is the Fourier transform of unity (i.e. f (x) = 1).
Similarly we can calculate that the δ-function δ(ω) in ω-space is simply
Z ∞
1
e−iωx dx
δ(ω) =
2π −∞

(1.30)

It is important to note that the functions (1.29) and (1.30) may look like a Fourier transform
pair, but they are not: they are merely definitions of δ-functions in x-space and in ω-space.
The 1/2π normalisations are required to make the area under the delta-function unity in
whichever space is being used.

1.5.3 Dirac delta-function in 3-dimensions
Here we have the analogous definitions
Z

δ(x) = 0,

x , 0,

(1.31)

δ(x) dx = 1,

x∈V

(1.32)

V

with the property
Z

V

f (x)δ(x − y)dx = f (y),

∀x ∈ V

(1.33)

The integral representation of δ(x) is
δ(x) =

1
(2π)3

Z

eik·x dk

(1.34)

3

where the integral is over all space. As before this is not a Fourier transform and so the
(2π)3 normalisation is not a matter of choice: it is required for the integral of the δ-function
to be unity.
12

It is simple to evaluate the integral
fw (x) =

1
(2π)1/2

Z

+w
−w

1 × eiwx dw = (2π)1/2

sin wx
.
x

Then, on comparing with (1.27), we see that limw→∞ fw (x) = δ(x).
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1.6 Spatial Random Functions: some preliminaries
One of the key areas of application for Fourier Transforms is in the prescription of random fields. Simply put, a random field is a set of random numbers defined on a point set.
The point set might be regular, i.e. a grid, or it may be a set of points that are themselves
randomly distributed. The points might occupy a 1, 2, . . . , N-dimensional space. In one dimension we frequently think of the points of the set being distributed in time. In that sense
the points are part of a time series of data samples. In more than one dimension we generally think of the points being distributed spatially. The values are generally taken to be
simple scalar values, though we can equally well consider the distribution of vectors and
tensors, as is commonplace in turbulence theory.

1.6.1 Random Fields
One main issue is to pin down what we mean by a function taking on random values.
In the simplest case, the values are simply taken independently from a given statistical
distribution. At a more complicated level, the value assigned to a point might depend on
other points in its neighbourhood. To make progress it is convenient to fix attention on
the simplest case: when the values of the function are taken from an isotropic zero-mean
Gaussian distribution, allowing for possible pair-wise correlations among the points.
The advantage of considering an isotropic Gaussian random field is that the statistical
structure of the field is set by the Gaussian distribution function, no other information is
needed.
Consider a scalar field φ(r). The probability P(φ1 , φ2 , r) that the values of the function at
two points, r1 , r2 separated by a distance r = | r1 − r2 | are φ(r1 ), φ(r2) take on values φ1 , φ2
is

 2
2

1
 φ1 + φ2 − 2C(r)φ1 φ2 

P2 (φ1 , φ2 , r) =
exp 
−
(1.35)
p



2 [1 − C 2 (r)]
2
2
2σ
2πσ 1 − C (r)

This describes a statistically isotropic Gaussian random field with 2-point correlation function C(r).
The visual appearance of the structure is the field is governed entirely by the correlation
function, C(r) specified in the underlying distribution. In an isotropic field the correlation
function will only a a function of the pairwise separation of point pairs.
The relevance to Fourier analysis is simply that, for such a field, the Fourier transform
of the correlation function is guaranteed to exist. The guarantee comes from the important Wiener-Khinchine theorem that we will discuss below. The Fourier transform of the
correlation function is called the Power Spectrum of the random field.
In 2- or 3-dimensions the correlation function of a density field tells us about shapes
of the density run around the highest peaks and deepest troughs of the density map. The
Fourier description of the same field breaks the description up into independent components that combine to generate structure on different length scales. Those components are
sine and cosine waves of different frequencies and their Fourier amplitudes. In practical
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terms the Fourier representation plays an important role in processing the image of the
field. A more extensive discussion is found in the Supplement on Random Fields.
For simplicity in what follows we shall restrict attention to a one dimensional random
field X(t), where t is a parameter along the line. The value taken on at the point t will be
denoted by x(t). The probability density that X(t) takes the value x(t) at t by f (x; t) and the
probability that X(t) values x1 (t1 ) at t1 and x2 (t2 ) at t2 by f (x1 , x2 ; t1 , t2 ).

1.6.2 Stationary Random Processes
An important class of random process are the Stationary Random Processes.

Definition 1 A random process X(t) is said to be stationary in the strict sense if its
statistics are not affected by a shift in the time origin:
x(t) and x(t + ǫ) have the same statistics for all ǫ

It follows from this that f (x; t) = f (x; t + ǫ) and hence
f (x; t) = f (x)

(1.36)

the probability density is independent of t. Note that this concerns only the 1-point probability density function, it makes no statement about the higher point functions.
Consequently, for a stationary random process, the expectation value of the random field
must be the same everywhere:
[x(t)] = µ = constant

(1.37)

Likewise, the covariance of the values at two points separated by a distance τ = | t1 − t2 |
must be independent of position along the line and depend only on τ:
[x(t)x(t + τ)] = R(τ) = R(−τ)

(1.38)

The function R(τ) is the autocorrelation function of the process X(t). This is discussed
further below (equ. 1.42).

1.6.3 Mean, autocorrelation and autocovariance
We can express the mean of the random process X(t) directly in terms of the underlying
probability density f (x):
Z +∞
hx(t)i = µ(t) = [x(t)] =
x f (x; t) dx
(1.39)
−∞

The integral is simply the first moment of x taken over its distribution function f (x). There
is another way of expressing this, which is to take an average value over the real line on
which x(t) is defined:
Z
1 T/2
x̄ = Lim
x(t)dt
(1.40)
T →∞ T −T/2

Source: Fourier.tex

Supplements Precision Cosmology ( c B.J.T. Jones) rev. v1.2) – May 1, 2017

Fourier Analysis

12

In making this integral we are saying that the mean value, hx(t)i, given in terms of the
distribution of X(t) is the same as the average value, x̄, of any single realisation x(t) taken
over the real line.
Likewise, we can write the Autocorrelation Function R(t1 , t2 ) of the random process X(t)
as the joint moment of the random variables X(t1 ) and X(t2 ):
R(t1 , t2 ) = hx(t1 )x(t2 )i = E[x(t1 )x(t2 )]
Z +∞
=
x1 x2 f (x1 , x2 ; t1 , t2 )dx1 dx2

(1.41)
(1.42)

−∞

The autocovariance of x(t1 ) and x(t2 ) is
C(t1 , t2 ) =

[(x(t1 ) − µ(t1 ))(x(t2 ) − µ(t2 ))]

= R(t1 , t2 ) − µ(t1 )µ(t2 )

(1.43)
(1.44)

Note that the variance of x(t) is then
Var (x) = σ2x(t) = C(t, t) = R(t, t) − µ2 (t).

(1.45)

1.7 Some mathematical preliminaries
1.7.1 Dealing with stochastic functions
In this subsection we shall retain a modicum of mathematical correctness in order to show
where things comes from and what formal restrictions exist on the various measures we use
to characterise random functions. For more details see Martinez and Saar (2001, §7.2.2)
and Papoulis and Pillai (2002, §9-3 and §11-4). 13
In keeping with the previous discussion (§1.3) we consider a random function f (x) on
the real line that can be expressed on any finite interval [−L/2, L/2] as the limit14 of a sum
of discrete Fourier components of complex amplitude gk and frequency ωk = 2πk/L:
Z ∞
n
X
??
f (x) = lim
gk eiωk x =
g(ω)eiωx dω, −L/2 < x < L/2.
(1.47)
n→∞

k=1

−∞

As the number of modes n increases, the frequency difference ωk − ωk−1 between neighbouring components decreases and, it might be argued, improves the approximation to the
integral on the right. This is certainly the case for piecewise continuous and differentiable
functions f (x) (see Carleson, 1966, for a strict statement and proofs).
However, the more mathematically minded reader might justifiably be concerned that
13
14

The definition of the Fourier transform used by Papoulis and Pillai (2002) is A = 1/2π, B = 1 in equations
(1.20). Martinez and Saar (2001) use A = 1, B = 1/2π but with frequency reversed: ω → −ω.
Technically, since we are dealing with stochastic processes, this is the limit in the mean, generally denoted by
l.i.m.. For a sequence of random variables ai , a2 , . . . this is defined by the equation
l.i.m.an = a

⇐⇒

lim

n→∞

[| an − a |2 ] = 0.

This is also referred to as convergence in the mean square sense.
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we are dealing with random functions, f (x) and g(ω), that are not smooth and probably not
differentiable anywhere. Realisations of such functions may not even be integrable in the
strict Riemann sense.
They would be correct, we need to use a more sophisticated notion of integration: the
Fourier-Stieltjes stochastic integral.15 . When the function f (x) in (1.47) is a stochastic
function, it may be dense with discontinuities and thus not differentiable. We have to avoid
the temptation to assert that the there exists a function g(ω) that when integrated as in
(1.47) yields f (x).

1.7.2 The Fourier-Stieltjes integral
Short biography:

Thomas Stieltjes (1856-1894 Thomas Stieltjes was born in Holland and died
in France at the age of 38. He had worked as an assistant to the director of the Leiden observatory, until
1883 when he gave up that position to become a mathematician at the University of Delft. The following
year he applied for a position in Groningen, but was turned down by the education department because
he lacked the necessary diplomas. Stieltjes’ friend and fellow mathematician Charles Hermite solved this
problem by getting the University of Leiden to grant Stieltjes an honorary doctorate (Lorentz gave his
support for the award). In 1885 he and his family went to Paris and shortly thereafter he completed a
PhD thesis at the École Normale Superieur under the stewardship of Hermite and Darboux. In 1889 he
took up a professorship in Toulouse, France.

Because many texts on Fourier Analysis use the notation of and work with Fourier-Stieltjes
integration, it is worth briefly presenting it here.
It has long been known (see Wiener, 1930; Cramér, 1946) that the limit on the right hand
side of (1.47) can be expressed as a Fourier-Stieltjes integral
Z ∞
f (x) =
eiωx dG(ω)
(1.48)
−∞

where the increments dG(ω) are complex stochastic functions having mean zero for any
ω, i.e. [dG(ω)] = 0. Moreover, the values of dG(ω) in non-overlapping ω-intervals are
statistically independent (Yaglom, 1952, 1974). In other words, G(ω) has orthogonal increments dG(ω).
The increments non-overlapping increments dG(ω) and dG(ω′ ) are statistically independent means that we can write
[dF(ω)dF(ω′)∗ ] = 0,

ω , ω′

(1.49)

Hence there is a function P(ω) such that
[dF(ω)dF ∗(ω′ )] = P(ω)δ(ω − ω′ )dωdω′

(1.50)

where δ(ω) is the Dirac delta function. The function P(ω) is called the Power Spectrum.
15

It might be argued, by non-mathematicians, that any realisation of a random function is only ever sampled at
a finite number of frequencies, so there is no need to ever go to the limit in equation (1.47). We nevertheless
would like to be reassured that the answer does not change as we go to ever higher resolutions. That is why,
when developing the theory of realisations of random functions, mathematicians consider the conditions under
which that limit can be guaranteed to exist.
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The analogue of (1.48) for the Fourier-Stieltjes representation of a density field fluctuations of amplitude δρ(x), in 3-dimensions is to write
Z
δρ(x) =
eik·r dZ(k)
(1.51)
for some function Z(k). In the cosmological literature we generally write dZ(k) = δk d3 k .
Having said all that, whenever we see dG(ω) we can think of dG(ω = g(ω)dω whether
or not there is reason to be concerned that it may not be true4 . In practice we generally
assume that the field exists in some finite box having periodic boundary conditions, and
that the functions f (x) and g(ω) are defined on a regular grid. We never in fact let the box
size go to infinity or let the grid elements become infinitely small. This is the concept that
has implicitly been used in the most discussions of cosmological perturbations.

1.7.3 Wiener-Khinchine theorem
Let us now return to our random function X(t) defined on the real line, and its realisations
x(t). We can, without loss of generality, take the random function x(t) to be a zero-mean
complex-valued random function. We have seen (equation 1.42) that the covariance of x(t)
is R(t, t′ ) = [x(t) x(t′ )] and that the process X(t) is stationary if R(t, t′ ) is a function only
of the distance between the two points t, t′ : R(t, t′ ) = R(| t − t′ |).
We shall write the auto-correlation function of the random function x(t) as
[x(t) x∗ (t + τ)]

R(τ) =

(1.52)

In practice, this expectation is calculated using the underlying probability density f (x) of
the random process X(t).
It can be shown that there exists a spectral function P(ω) such that
Z ∞
R(τ) =
eiωτ dP(ω)
(1.53)
−∞

The statement of the existence of such a function P(ω) for a stationary random process
X(t) is the Wiener-Khinchine theorem.
The theorem is non-trivial since does it not require the existence of the Fourier transform
of the process f (x) (and indeed the Fourier transform does not exist if f (x) is not squareintegrable or absolutely integrable). However, if P(ω) is itself absolutely continuous, then
there exists a function P(ω) = P ′ (ω) which we call the Power Spectral density, or simply
the Power Spectrum. We shall henceforth write
Z ∞
R(τ) =
eiωτ P(ω) dω
(1.54)
−∞

with its inverse transform
P(ω) =

1
2π

From equation (1.52) we see that R(0) =
Z ∞
−∞
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[x(t)2 ] ≥ 0, so from (1.54)
P(ω) dω ≥ 0.
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We can in fact go one step better than this and show that P(ω) ≥ 0 for all ω. The power
spectrum Pω is never negative-valued. That implies that not all functions R(τ) can be
covariance functions.

1.7.4 The convolution theorem
An important way of combining two functions f (x) and g(x) is the process of convolution.
Formally the convolution of f (x) and g(x) is the function
Z ∞
h(x) =
g(y) f (x − y)dy
(1.57)
−∞

So at every point y, the function h(x) is the weighted sum of the values of f about each
point x, where the value of the weighting factor g depends on the distance from the point
x. In practical terms we might think of f (x) being smoothed or blurred by g(y).
Using our convention for the Fourier transform, the convolution theorem asserts that
The Convolution Theorem

H(ω) = 2πF(ω)G(ω)

(1.58)

The Fourier transform of the convolution of two functions is the product of their Fourier transforms.

The factor 2π appears here because of our convention using the normalisation A = 1, B =
1/2π in equation (1.20).16
The convolution of two function f (x) and g(x) is often denoted by
Z ∞
f ⋆g=
g(y) f (x − y)dy
(1.60)
−∞

or sometimes the more explicit ( f ⋆ g)(x) to emphasise the dependence. In this notation we
have
f ⋆g=g⋆ f

(1.61)

f ⋆ (g ⋆ h) = ( f ⋆ g) ⋆ h

(1.62)

f ⋆ (g + h) = f ⋆ g + f ⋆ h.

(1.63)

If we denote the operation of taking the Fourier transform by F ( f ) = F(ω) we can express
the convolution theorem as
F ( f ⋆ g) = F ( f )F (g) = F(ω)G(ω)
16

The proof is very simple:
Z ∞
Z ∞ Z ∞
H(ω) = B
h(x) e−iωx dx = B
dx
dy g(y) f (x − y) e−iωx
−∞
−∞
−∞
! Z ∞
!
Z ∞Z ∞
Z ∞
1
=B
dz dy g(y) f (z)e−iω(y+z) =
B
g(y) e−iωy dy B
f (z) e−1ωz dz
B
−∞
−∞
−∞ −∞
1
= F(ω)G(ω)
B
(The transformation z = x − y has dz = dx at fixed y). Our convention is B = 1/2π.
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In this notation we have such niceties as
F {F { f (x)}} = f (−x),

F {F {F {F { f (x)}}}} = f (x).

(1.65)

1.8 The power spectrum and correlation function
If R(τ) is such that

R∞

−∞

| R(τ) | dτ < ∞, then there exists a function P(ω) such that

Relationship between auto-correlation function and the Power Spectrum:

R(τ) =

Z

∞

e

iωτ

−∞

1
P(ω) =
2π

P(ω) dω,

Z

∞

e−iωτ R(τ) dτ

(1.66)

−∞

The auto-correlation function, R(τ), and the power spectrum, P(ω), are a Fourier transform pair.

The function P(ω) is called the Spectral Density of the random process f (x) and is also
referred to as the Power Spectrum.17
It is clear from the first of equations (1.66) that
R(−τ) = R∗ (τ)

⇒

P(ω) is a real-valued function of ω

(1.67)

We note also that if f (x) is a real valued function, then
R(−τ) = R(τ)

if f (x) is real-valued

(1.68)

It can further be shown that P(k) is non-negative:
R(0) ≥ 0,

and P(ω) ≥ 0,

∀ω.

(1.69)

This shows that not all functions R(τ) as defined by (1.66) can be auto-correlation functions: R(τ) must have a non-negative Fourier transform.

1.8.1 Real-valued stationary random fields
If the random process f (x) is a real-valued function, as is most often the case, then R(τ) is
real and R(τ) = R(−τ). 18 The Fourier transforms then simplify to
Z
Z ∞
2 ∞
P(k) =
R(τ) cos ωτ dτ, R(τ) = 2
P(ω) cos ωτ dω
(1.70)
π 0
0
In this way we can rid ourselves of the negative frequencies that would otherwise appear
in our expressions.
We notice that if, as an example, we consider the zero-mean random velocity field u(x),
then by (1.70) the variance of the velocity field [u(x)u(x)] = ū2 is given by
Z ∞
1 2
ū
=
S (ω)dω.
(1.71)
2
0

17
18

The relationships (1.66) and their normalisation factors are standard and do not depend on the which definition
one takes for the normalising factors in the Fourier transform.
This is not the case, for example, in quantum mechanics.
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Here S (ω) denotes the power spectrum of the the random field u(x). The power spectrum,
integrated over all frequencies, is the mean kinetic energy. We can interpret the quantity
S (ω)dω as the contribution to the mean kinetic energy from Fourier modes in the frequency
range [ω, ω + dω]. This goes some way to rationalising the choice of normalisation of the
power spectrum as used in fluid dynamics.

1.9 Discrete Fourier Transform (DFT)
Here we will start from the description of data in a finite box, where the data has been
sampled on a discrete rectangular grid. This corresponds rather closely to the situation in
image data samples and in numerical N-Body simulations. There is a discussion of the
“DFT” in Press et al. (2007, §12.1) which uses the same conventions as used here 19 .
There are two important limits which we have already touched on. We can take the limit
as the number of grid points gets larger while keeping the box the same size, this gives us
an increasingly high resolution view of the data in the box. Alternatively, we can keep our
grid cells fixed and let the size of the box increase, adding grid cells as necessary.
The preceding transformations are applicable when the analytic form of the function
f (x) is known, or is, in principle, knowable. If the values of f (x) are defined at a set of
discrete points these may be less than useful.

1.9.1 Definition of the discrete Fourier transform
We start by considering a function f (x) defined on a set of uniformly spaced points x0 , x1 , . . . xN−1
where it has values f (x0 ), f (x1 ), . . . , f (xN−1 ). The constant interval between successive
points will be written as ∆x = xi+1 −xi , so the ith point is at xi = x0 +i∆x, i = 1, 2, . . . , N −1.
The discrete Fourier representation of this function f (x) is defined by the equation
"
#
N−1
1 X
2πiux
F(u) =
f (x) exp −
, u = 0, 1, . . . , N − 1
(1.72)
N x=0
N
It is straightforward to verify that this can be inverted so as to express f (x) in terms of
F(u):
"
#
N−1
X
2πiux
, x = 0, 1, . . . , N − 1
(1.73)
f (x) =
F(u) exp
N
u=0
These bear a superficial resemblance to the complex Fourier series (1.9) on an interval
and the Fourier transform (1.16) on the real line. In particular we note the parallel with the
convention we have adopted for the normalising factors of the continuous Fourier transform
(equations 1.16): the normalising factor is 1/N in the forward transform, f (x) → F(u) and
unity in the backward transform F(u) → f (x).
19

Note however that Press et al. (2007, §21.0) use the “B = 1” convention for the continuous Fourier transform,
cf. equations (1.20) and (1.21). However, because of their choice of frequency sign, it is simple to interchange
the roles of which variables are real-space and which are Fourier-space.
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1.9.2 Some properties of the discrete Fourier transform
This discrete Fourier transform has equivalents to the properties of the other Fourier transforms. The discrete equivalent of Parseval theorem (see §1.2.3) becomes
N−1
X
n=0

| F(u) |2 =

N−1
1 X
| f (n) |2
N n=0

(1.74)

It is easy to verify that transforming from f → F using (1.72) and then transforming
the result F → g using (1.73) results in g = f .20 The Fourier transform and its inverse are
periodic:
F(x) = F(x + N),

F(u) = F(u + N)

(1.76)

as can be verified by direct substitution.21 The Fourier transform also exhibits what is
referred to as conjugate symmetry:
F(u) = F ∗ (−u),

| F(u) | = | F(−u) |

(1.78)

This periodicity and the symmetry in the modulus of the Fourier transform is very important: it tells us that the terms | F([N/2] + 1) |, . . . | F(N − 1) | are the same as the terms
| F([N/2] − 1) |, . . ., | F(0) |. If N is even, there are [N/2] independent amplitudes and [N/2]
independent phases.

1.9.3 Convolution theorem
The all-important convolution theorem is also available if we define the convolution 22 by
h(x) = f ⋆ g =

N−1
X
n=0

f (n) g(x − n),

x = 0, 1, . . . , N − 1.

(1.80)

However, this equation is not quite as self-evident as it looks. It might be that the function
f (x) is defined on a set of R points, while g(x) is defined on a set of S points. So what
then is the appropriate value to be assigned to N in this equation? The constraint on N
20

Proof of this requires the identity



N, r = s
e2πirs/N e−2πisx/N = 
0, otherwise

x=0

N−1
X
21

This works as follows:
F(u + N) =

22

"
#
"
#
N−1
N−1
1 X
2πi(u + N)n
1 X
2πiun −2πin
f (n) exp −
=
f (n) exp −
e
= F(u)
N n=0
N
N n=0
N

(1.75)

(1.77)

The proof of (1.78) follows on similar lines.
It should be remarked that the convolution described by the equation
k(x) = f ◦ g =

N−1
X

f (n) g(x + n),

n=0

x = 0, 1, . . . , N − 1.

is referred to as the correlation between f and g.
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arises from the requirement that the Fourier transform of h(x) be periodic with distinct,
non-overlapping periods.
Whatever the value of N, provided it is larger than both of R and S , we can pad the f
and g values with zeros to make them both arrays of size N. These padded sequences are
referred to as extended sequences. Naı̈vely, one might think that to choose N equal to the
larger of R and S would suffice, but then the periods of the convolution h would overlap.
That is referred to as wrap-around error. The answer is that
N ≥R+S −1

(1.81)

The bigger the difference between N and R + S − 1 the more separated will be the cycles.
The convolution theorem is easily derived:
H(u) = F ( f ⋆ g) = F(u)G(u)

(1.82)

1.9.4 Matrix formulation of the discrete Fourier transform
If we define
W = e2πi/N

(1.83)

then the forward discrete Fourier transform (1.72) can be written as
F(u) =

N−1
1 X
f (x)W −ux ,
N x=0

u = 0, . . . , N − 1.

(1.84)

We note that W N = 1, so W is the N th root of unity. Accordingly we sometimes emphasise
this fact by writing it as WN .
If we define the vectors f = { f (x)} and F = {F(u)} we can write this as a matrix product
F = N −1 F f












F0 
1


F1 
1

F2  = N −1 1
 .
.. 
 .
. 
 .

F N−1
1

(1.85)

1
W −1
W −2
..
.

1
W −2
W −4
..
.

...
...
...
..
.

W −(N−1)

W −2(N−1)

...



1
  f0 


W −(N−1)   f1 



−2(N−1) 
  f2 
W
 

..
  .. 
  . 
.

2
fN−1
W −(N−1)

(1.86)

We see that the j, k entry of the matrix F is just W jk , where the values of the indices j and
k range over 0, . . . , N − 1. The fact that WN is an N th root of unity plays an important role.
Noticing, for example, that W − j(k+N) = W − jk we can recover the periodicity properties of
the Discrete Fourier transform.23
23

The matrix if W’s in equation (1.86) is an example of a Vandermonde Matrix. Such matrices have the generic
form


1
...
1 
 1

 x0
x
.
.
.
x
1
n−1 


V =  .
(1.87)
..
..  = V(x0 , . . . , xn−1 )
 .
.
...
. 
 .

xn−1
xn−1
. . . xn−1
0
1
n−1
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We can more easily appreciate this if, for example, we set N
is simply

 
 
1
1  1 1
1
1  1
1 1



 
1 W4 W42 W43  1 W W 2 W 3  1
F4 = 
=

=
2
4
6
2
1 W 2  1
1 W4 W4 W4  1 W
 
1 W43 W46 W49
1 W3 W2 W
1

= 4 for which the matrix F

1
1
1 

−i −1 i 

−1 1 −1

i −1 −i

(1.88)

where in the second matrix we have dropped the subscript “4” on W4 for clarity. This
pq
pq mod N
follows from the fact that WN = W M
, WN being an N th root of unity. We shall return
to this below.
For large matrices where the value of N can be factored into a product of two numbers,
such matrices can be considerably simplified. This leads to a variety of algorithms that
reduce the number of operations required in computing the matrix product that is implicit
in the discrete Fourier transform.

1.10 The Fast Fourier Transform: FFT
The problem with the deceptively simple-looking equations (1.72) and (1.73) is that they
are computationally inefficient. In equation (1.72) there are N additions, and each of these
N additions requires another N operations. While for modest N-values this would not be a
problem with modern computers, for very large N, or in large 3-dimensional problems this
can be the limiting factor for the size of data sets that can be handled.24

1.10.1 FFT: Danielson, Lanczos, Cooley, Tukey
Over 200 years ago, in 1805 and two years before Fourier’s work, Gauss solved this problem (Heideman et al., 1985) but it was not until the work of Danielson and Lanczos (1942),
independently rediscovering what Gauss had done, that any further progress was made. The
Danielson-Lanczos theorem lies at the heart of the Fast Fourier Transform (see (Press et al.,
2007, §12.2)).
What Danielson and Lanczos did was to show that a discrete Fourier transform of 2N
points could be reduced to two N-point transforms, one for the odd-numbered points and
the other for the even-numbered points. So, if N were a power of 2, the process could be
recursively reduced to a set of trivial 1-point transforms. The 1-point transform is simply
one complex multiplication and addition, so this saves a huge amount of computational
effort. The number of computations for an N-point transform is O(N log2 N).
The argument is simple, for N divisible by 2 we can write the Fourier transform (1.72)

24

See Golub and van Loan (1996, §4.6, 4.6.4) for a discussion of such matrices and a written-out example of the
FFT.
For N = 64 points the FFT speed-up is a factor of ∼ 10, while for 1024 points the speed-up is a factor of ∼ 100
and for 32000 points it is over ∼ 1000.
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as the sum of an odd-point and an even-point transform:
N/2−1
N/2−1
1 X u(2n)
1 X u(2n+1)
W
f2n +
W
f2n+1 , W = e2πiu/N
N n=0
N n=0
 N/2−1

N/2−1
X

1  2 X
2
= 
(W 2 )un f2n + W u
(W 2 )un f2n+1 
2 N n=0
N n=0

F(u) =

(1.89)

(1.90)
(1.91)

We now need to notice that
F Even (u) =

N/2−1
2 X
(W 2 )un f2n ,
N n=0

u = 0, 1, . . . , N/2 − 1

(1.92)

is the N/2-point Fourier transform of the even-numbered ordinates f2n . n = 0, . . . , N/2 − 1.
Likewise
N/2−1
2 X
F Odd (u) =
(W 2 )un f2n+1 , u = 0, 1, . . . , N/2 − 1
(1.93)
N n=0
is the N/2-point Fourier transform of the even-numbered ordinates f2n+1 . n = 0, . . . , N/2 −
1. It is important to notice that F Even (u) and F Odd (u) are of dimension N/2, and so do
not themselves cover the N/2 points u = N/2, dots, N − 1. With these definitions and
WNu+N/2 = −W4u , we arrive at
Danielson-Lanczos Lemma


1  Even
F
(u) + W u F Odd (u) ,
2

1  Even
F(u + N/2) =
F
(u) − W u F Odd (u) ,
2
F(u) =

u = 0, . . . , N − 1

(1.94)

u = 0, . . . , N − 1

(1.95)

These last lines are the Danielson-Lanczos Lemma.
Two other papers appeared in 1958 presenting different approaches to computing the
Fourier sum: Good (1958) and Goertzel (1958).25
The FFT revolution came in 1965 with the publication of the seminal paper of Cooley
and Tukey (1965). The existence of the paper is generally attributed to Richard Garwin,
who at the time was a physicist the IBM Watson Laboratory at Columbia University.26
Garwin had visited Tukey at Princeton in 1963 and discussed the computation of Fourier
transforms, and then went on to ask Cooley of the IBM Watson Research Center at Yorktown Heights to write a computer program implementing the scheme described by Tukey.
25
26

The Goertzel algorithm is subject to numerical instabilities due to round-off errors, but it is the fastest algorithm
for calculating just a few Fourier coefficients.
Garwin was certainly the ‘facilitator’ of the FFT. Garwin, on instructions from Edward Teller, had previously
led the design of the first, proof of concept, Hydrogen bomb in 1952 (named ‘Mike’). His involvement with
nuclear weapons continued into the 1960’s when he was working on methods of verifying the SALT agreement
on nuclear testing: he needed the FFT for the seismic detectors. The detectors were built and installed around
the Soviet Union and could locate an explosion to within 15-20 kilometres.
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Cooley wrote the draft of the paper and, reportedly, it was Tukey who added in the reference to Good’s paper.27
The importance of the algorithm was recognised and was put into the public domain. 28

1.10.2 FFT: a simple example using 4 points
There are many explanations of how the FFT works ranging from chapters in books and
lecture notes to entire books. The classic text is Brigham (1988, The Faster Fourier Transform and Its Applications). Among the best shorter reads are (Gentleman and Sande, 1966,
Fast Fourier Transfroms - for Fun and Profit) written shortly after the publication of the
Cooley-Tukey algorithm, and of course Press et al. (2007).
If we look at the N = 4 example in equation (1.88) we can see how the FFT works. It
turns out that we can factorise F4 as follows:




0  1 W 0 0
0  1 0 0 0
1 0 1



0 1 0
W 1  1 W 2 0
0  0 0 1 0
 
 

F4 = 
(1.96)
0
1 0 −1
0  0 0
1 W  0 1 0 0






0 1 0 −W 1 0 0 W 0 W 2 0 0 0 1
Blockdiagonal

I2
=
I2

W2
−W2

!

F2
0

0
F2

!

!

,

1
F2 =
W0

Permutation

!
W0
,
W2

1 0
W2 =
0 W1

!

(1.97)

Permutation

We can now see how this works on an input vector f = ( f0 , f1 , f2 , f3 ). The permutation
matrix does the following:

   
1 0 0 0  f0   f0 
!
even
0 0 1 0  f1   f2 

   =   = f
(1.98)
0 1 0 0  f2   f1 
f odd

    
0 0 0 1 f3
f3
It rearranges the elements of the input data into the even-numbered elements of the original
input vector, followed by the odd-numbered elements. This is precisely the split required
for application of the Danielson-Lanczos theorem (equations 1.94 and 1.95). If we now
perform the next matrix multiplication we have
!
!
!
F2 0 f even
F2 f even
(1.99)
=
F2 f odd
0 F2 f odd
Finally, the last matrix multiplication gives
!
!
!
I2 W2 F2 f even
F2 feven + W2 F2 f odd
=
F4 f =
F2 feven − W2 F2 f odd
I2 −W2 F2 f odd
27
28

(1.100)

The Cooley and Tukey (1965) paper cites only two references: the work of Danielson and Lanczos (1942) was
not cited and was presumably not known to either of the authors.
There is an extensive interview with James Cooley about the origins of the FFT algorithm, and in particular
about the patent issue, available from the IEEE Global History network at
http://www.ieeeghn.org/wiki/index.php/Oral-History:James_W._Cooley
(James W. Cooley: an oral history conducted in 1997 by Andrew Goldstein, IEEE History Center, New
Brunswick, NJ, USA)
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The factors on the right hand side are the factors that appear in the Danielson-Lanczos
Lemma (1.94, 1.95). The question of where the factorisation (1.96) came from is discussed
in detail in van Loan (1987, Ch.1.).
The key feature here is the reduction of F4 to F2 . The process is clearly recursive and so
this factorisation of the original matrix performs the required reduction. Of course, if we
were to replace the subscript “4” by “512” we would have a reduction of F512 to F256 . One
of the factors in gaining a speed advantage is the sparsity of the matrices involved in the
computation: they have many zeroes (there are 48 elements in the three matrices in (1.96) of
which 28 are zero). Conversely, one of the tricky parts is an efficient implementation of the
permutation of the odd an even members of the data array at each stage of the recursion.
Cooley and Tukey came up with an ingenious and efficient way of doing this involving
representation of the indices on the data vectors by binary numbers and then reversing the
bits to get the resorted indices (see Press et al. (2007, §12.2)).

1.10.3 FFT: source code for programming
There are many implementations of the Fast Fourier Transform, notably Press et al. (2007,
Numerical Recipes). Another popular source is the“FFTW05” of Frigo and Johnson (2005),
which according to the web site 29 “FFTW is a C subroutine library for computing the discrete Fourier transform (DFT) in one or more dimensions, of arbitrary input size, and of
both real and complex data (as well as of even/odd data, i.e. the discrete cosine/sine transforms or DCT/DST)”.

1.11 The Fourier transform in 2 dimensions
The generalisation of the Discrete Fourier Transform, (“DFT”), to two, three and higher
dimensions is relatively straightforward, but involves some complications that are best illustrated in the simpler 2-D case.30

1.11.1 Variants of Discrete Fourier transform in 2 dimensions
Consider a function f (x, y) defined on an M×N grid on which the points are simply labelled
by their indices m = 0, 1, . . . , M−1 and n = 0, 1, . . . , N−1. The space of the discrete Fourier
transform of f (m, n) is also discrete and occupies an M × N space on which we shall label
the grid points by (u, v), u = 0, 1, . . . , M − 1 and v = 0, 1, . . . , N − 1. We can refer to the
Fourier space representation as the (u, v)-plane representation. The 2-D Fourier transform
29

30

The FFTW package was developed at MIT by Matteo Frigo and Steven G. Johnson. The web site is at
http://www.fftw.org/
FFTW is distributed freely under the GNU GPL license.
This section owes much to the discussion of image compression in the venerable, but rather outdated, book
by Rosenfeld and Kak (1982, §§2.2, 5.3). The book is renowned for its clarity of exposition of the image
processing techniques that were available at that time.
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from the (m, n) plane to the (u, v) plane is defined as
F(u, v) =

M−1 N−1

 mu nv 
1 XX
f (m, n) exp −2πi
+
,
MN 0 0
M
N

which can be shown to have has inverse
M−1
N−1
  mu nv 
XX
+
,
f (m, n) =
F(u, v) exp 2πi
M
N
0
0

u = 0, . . . M − 1, v = 0 . . . , N − 1
(1.101)

m = 0, . . . M − 1, n = 0 . . . , N − 1

(1.102)
These are the direct generalisations of the 1‘-dimensional transforms (1.72) and ( 1.73).
We have the identity
M−1
N−1
XX
0

0

2

| f (m, n) | = MN

M−1
N−1
XX
0

0

| F(u, v) |2

(1.103)

We can rearrange the terms in (1.101) so that it appears as
F(u, v) =

M−1


1 X 1 
n 
m 
f (m, n) exp −2πi v exp −2πi u
M 0 N
N
M

(1.104)

which will be recognised as the 1D u-direction Fourier transform of the 1D Fourier transform of f (m, n) in the v-direction. Thinking of f (m, n) as a matrix, this equation is the
Fourier transform of the rows, in which each row is replaced by its Fourier transform, followed by the Fourier transform of the updated columns. In other words, computing the 2D
Fourier transform of a 2D function f (m, n) can be executed simply as two successive fast
Fourier transforms, one in either direction.
By virtue of the periodicity of the exponentials f (m, n) and F(u, v) exhibit the following
symmetries:
f (−m, n) = f (M − m, n)
f (m, −n) = f (m, N − n)
f (−m, −n) = f (M − m, N − n)

F(u, −v) = (u, N − v)
F(−u, v) = (M − u, v)
F(−u, −v) = (M − u, N − v)

(1.105)

This illustrates the periodic extension of the functions defined by their discrete Fourier
transform.

1.11.2 Centring the origin of the (u, v)-plane
As a consequence of these symmetries, we can, if we wish, put the origin of the coordinates
(u, v)-plane at the point (M/2, N/2) in the centre of the grid. To achieve this we need to
redefine the real-space function f (m, n) as
fˆ(m, n) = (−1)m+n f (m, n)

(1.106)

Taking the Fourier transform of fˆ(m, n) yields a function F̂(u, v) that, in the light of the
previous symmetries, is easily shown to be related to the original F(u, v) by
F̂(u, v) = F(u −
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In other words F(u, v) and F̂(u, v) display the same information, but F(0, 0) is located at
the centre of the (u, v) grid when we plot F̂(u, v).

1.12 Other (real-valued) Fourier-like transforms
The discrete Fourier transform takes on complex values in both the real (m, n) space and in
the Fourier (u, v) space. There are two important transforms analogous to the Fourier transform that use on real valued functions and real valued transforms: the Cosine transform and
the Hartley transform. Technically these are mappings N → N . Here we continue with
our previous notation. We denote a real-valued function defined on a 1-dimensional grid
on which the points are labelled with index n = 0, 1, . . . N and its transform as f (n) and
F(u) respectively. In 2-dimensions, we analogously denote the transform pair by f (m, n)
and F(u, v).

1.12.1 Discrete Cosine transform in 1 and 2 dimensions
The one-dimensional cosine transform of a function f (m) is defined as
 √
!
N−1


2 X
1 πu
1/ 2, u = 0
F(u) = c(u)
f (m) cos m +
,
c(u) = 

1,
N m=0
2 N
u = 1, 2. . . . , N − 1
(1.108)
and the inverse transform is
!
N−1
X
1 πu
f (m) =
c(u) F(u) cos m +
.
(1.109)
2 N
u=0
The 2-D version is very similar:
!
!
N−1 N−1
1 πu
1 πv
1 XX
F(u, v) = 4c(u, v)
f (m, n) cos m +
cos n +
MN m=0 n=0
2 M
2 N



1/2, u = v = 0




c(u, v) = 
1,
u = 1, 2, . . . , M − 1




1,
v = 1, 2, . . . , N − 1

(1.110)

(1.111)

The inverse is

f (m, n) =

N−1 X
N−1
X
u=0

!
!
1 πu
1 πv
cos n +
c(u, v) F(u, v) cos m +
2 M
2 N
v=0
m = 0, 1, . . . , M − 1
n = 0, 1, . . . , N − 1

There are, of course, fast versions of the Cosine transform.
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1.12.2 Fourier or cosine transform - what’s the difference?
The cosine transform is manifestly related to the Fourier transform. If we consider our
function f (m) defined on M points and create a new function f¯(m) that spans 2M points
by zero-padding:



 f (m), m = 0, 1, . . . , M − 1,
f¯(m) = 
(1.115)
0,

m = N, N + 1, . . . , 2N − 1

then we can write the cosine transform as

!
 πu  2N−1
X

2πum
1 
 ,
f¯(m) exp i
F(u) = 2c(u) R exp i
N
2N m=0
2N 

u = 0, 1, . . . , N − 1.

(1.116)

Here, R(z) denotes the real part of the complex number z. This is just a 2N-point Fourier
transform and it provides one way of performing a fast cosine transform.
So it is reasonable to ask whether it makes any difference to use one rather than the other.
Perhaps surprisingly, the answer is “yes, the cosine transform encodes real space data more
efficiently than the Fourier transform” and that fact is why the cosine transform is used as
a way of representing images in the JPEG image compression standard.
The way the JPEG compression works is that the image is divided into square blocks
that are a power of 2 in size. Each block is transformed using the cosine transform and
the coefficients that make the least contribution to the variance of the image block are set
to zero, simply on the grounds that they do not make much contribution to the perceived
structure of the reconstructed image in the locality of the block. It turns out that the mean
square difference between the original image and the reconstructed image is can be as big
as 30%, with the cosine transform offering the better rendition of the original.31

1.12.3 Discrete Hartley transform in 1 and 2 dimensions
The discrete Hartley transform is also Fourier-like in that it uses sines and cosines to represent data. In one dimension, the Hartley transform H(u) of f (m) is
"
!
!#
M−1
1 X
2πmu
2πmu
H(u) =
f (m) cos
+ sin
, u = 0, 1, . . . , M − 1.
(1.117)
N m=0
M
M
"
!
!#
M−1
X
2πmu
2πmu
f (m) =
H(u) cos
+ sin
, m = 0, 1, . . . , M − 1.
(1.118)
M
M
u=0
At first sight this simple sum of a sine and cosine might look a little strange, but, in effect,
we have exchanged eix = cos x + i sin x with a function that is generally labelled
√
cas x = cos x + sin x = 2 cos(x − π/4).
(1.119)
31

The larger the block the smaller the mean square difference, but the cosine transform out-performs the Fourier
transform for all block sizes. Much of the difference lies in the block boundaries which are perceived as a
‘blockiness’ in the reconstructed image. Using some particular wavelet transforms of the entire image gives
better results even than the cosine transform, by removing the hiatus at the block boundaries, and does so with
considerably less computational cost.
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The latter equality connects the Hartley transform directly to the discrete cosine transform.
The transform is periodic with period M, as is easily verified by substituting m → M + m,
and it has the property that H(−u) = H(M − u). This latter relationship allows us to view
the Hartley transform on the interval −M/2 < u ≤ M/2 with the origin near the centre of
the u − axis, and with a nicer symmetry about this origin.
There is a simple relationship between the coefficients of the Fourier transform, F(u),
and Hartley transform, H(u), of f (m):32
RF(u) = 21 (H(M − u) + H(u)) = 12 (H(−u) + H(u))
1
2 (H(M

1
2 (H(−u) −

− u) − H(u)) =
H(u))


H(u) = RF(u) − IF(u) = R (1 + i)F(u)

IF(u) =

(1.120)
(1.121)
(1.122)

since H(M − u) = H(−u) if we extend the frequency space to negative frequencies −M/2 <
u ≤ M/2, just as was done in the Fourier transform. In other words, we define the negative
m values of H(u) by
H(−u) = H(M − u),

−N/2 ≤ u < 0.

(1.123)

We also note from (1.120) and (1.121) that H(−u) ± H(u) define the even and odd parity
parts of the transform H(u).

1.12.4 Hartley versus Fourier
So we see that the Hartley transform simply rearranges the Fourier coefficients and stores
the data as real numbers. We reduce M complex numbers of the Fourier domain to M real
numbers without loss of information: the Fourier transform can be recovered directly from
the Hartley transform. The Hartley transform removes the redundancy that is inherent in
the Fourier transform.
It is easy to show that the Power spectrum can be calculated from the Hartley coefficients
via




P(u) = 12 H(u)2 + H(N − u)2 = 12 H(u)2 + H(−u)2
(1.124)
where the second equality simply uses the extension of the domain of the transform to
negative frequencies.
The Hartley transform is often seen in the engineering world, and, in particular, in the
representation of time series. Moreover, from a computational point of view the Hartley
transform uses fewer operations than the Fourier transform and can be done in-place. So
why is the Hartley transform not used more often in the world of physics?
The answer is possibly that the Hartley transform can be seen as a computational device,
rather than as a device that provides a physically meaningful or insightful representation
of a phenomenon. Fourier transforms are, for example, meaningful within the domains of

32

The notation used here is that the real and imaginary parts of the complex number z = a + ib are denoted by
a = Rz and b = Iz.
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wave propagation, quantum mechanics, or vibrations, but the Hartley transform conveys
no deeper insight into these phenomena.33

1.12.5 Examples of Hartley transform
The following are trivial examples of what a Hartley transform looks like by considering
the Hartley transform of a function defined on the real line:
Z ∞
1
H(u) =
f (x)(cos ux + sin ux)dx
(1.125)
2π −∞
Using this we can derive the following Hartley transform pair:
f (x) = rect(x)

↔

H(u) =

sin πa
πa

(1.126)

1.12.6 Hartley transforms in 2-dimensions
There are two variants of the discrete Hartley transform in two dimensions:
!
!
M−1 N−1
1 XX
2πmu
2πnu
H(u, v) =
f (m, n)cas
cas
MN m=0 n=0
M
N
!
M−1 N−1
1 XX
2πmu 2πnu
H(u, v) =
f (m, n)cas
+
MN m=0 n=0
M
N

(1.127)

(1.128)

where the function cas x is as defined in (1.119). The first of these is a “separable transform”: it can be resolved as a product of two 1-d transforms and so allows the use of the fast
Hartley transform for its evaluation. The second has all the symmetries analogous to the
1-d transform and has a simple convolution theorem, but it is not separable and so cannot
benefit from the standard fast mode of evaluation.

1.13 Discrete z-transform in 1 and 2 dimensions
1.14 The Fourier transform in 3 dimensions
The analogous equations in 3 spatial dimensions define the Fourier transform g(k) of a
function f (r) in 3 as
33

The same could not be said of the wavelet transform which adds the feature of multi-resolution (scaling) to
the transform in a way that is notat all evident in the domain of the Fourier transform.
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Fourier transform on 3 :

f (r) =

Z

k

g(k) e

ik·r

3

d k,

1
g(k) =
(2π)3

Z

f (r) e−ik·r d3 r

(1.129)

x

Here we have adopted the standard notation that a 3-space wave-vector is denoted by the
symbol k. The symbol ω used in the 1-dimensional version (1.16) is generally thought of
as a temporal frequency, though there is no hard and fast rule about this.
The multi-dimensional Fourier transform is said the be separable since its kernel K(x, k) =
ik·x
e has the property that it can be written as the product
K(x1 , x2 , x3 , k1 , k2 , k3 ) = K1 (x1 , k1 )K2 (x2 , k2 )K3 (x3 , k3 ).

(1.130)

where (x1 , x2 , x3 ) are the components of r in a real-space Cartesian coordinate system,
and (k1 , k2 , k3 ) are the components of the vector k in a Cartesian coordinate system in
Fourier space. Consequently, the 3-dimensional Fourier transform and its inverse (1.129)
can be evaluated by performing the integrals in each direction, one after another. The kernel
K(x, k) = eik·x is also symmetric since each of the separated components, K1 , K2 , K3 has the
same functional form. Separability and symmetry are of particular importance in numerical
work when using the discrete Fourier transform in multiple dimensions.

1.15 The Fourier transform in cosmology
One of the most important measures of the inhomogeneity of the distribution of cosmic
material is the variance of the density in sample volumes of differing size. In other words,
how “rough” the distribution is when view on different scales. If the universe is indeed
homogeneous on the largest scales, then the measure of the roughness should tend to zero
as the averaging scale gets larger.
Towards this end, it is convenient to decompose the density inhomogeneities into Fourier
components. However, for a homogeneous stationary stochastic function f (x) defined on
an infinite volume, the function g(k) in equation (1.129) may not be defined, in which case
the notion of handling the individual Fourier amplitudes is not strictly admissible.34

1.15.1 Describing a field of random density fluctuations
The standard way around such ‘technical problems’ in cosmology is to consider a box of
finite volume V which is far larger than the length scale any of the phenomena of interest
without considering what happens when V → ∞: the answer is always correct as long as
the box is finite.
34

R
A formal mathematical requirement for the existence of the Fourier transform is that | f (x) |dx should be
bounded. The spectral analysis of turbulent fluid flow has a long history of facing up to this technicality by
working directly with the statistically orthogonal increments dG(k) which can be thought of as g(k) dk when
g(k) exists (Batchelor, 1982). See Section 1.7 where this is described in more detail.
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The basic premise, as described by Kolb and Turner (1990, §9.2), Coles and Lucchin
(2002, Ch. 13) and others, is that the density fluctuation field δ(x) in a finite cubic box of
side L and volume V can be decomposed into a sum over discrete Fourier components:
X
X
δ(x) =
δk eik·x =
δ∗k e−ik·x
(1.131)
k

k

Formally, this is the 3-dimensional analogue of equation (1.9) for the Fourier series representation of a function defined on an interval. Here, the function δ(x) is a continuous, random function, while the values of k are a (possibly infinite) discrete set of wave-numbers.
The Fourier amplitudes δk are then given by35
Z
1
δk =
δ(x) e−ik·x dx
(1.132)
V V
Since the field δ(x) is real, δ∗k = δ−k . Equation (1.132), in the limit of large volumes, has
an inverse that can be written36
Z
V
δ(x) =
δk eik·x dk
(1.133)
(2π)3 V
We have encountered these equations when discussing the normalisation of the Fourier
transforms (see equations 1.23).
We notice that both the forward and backward transforms (1.131) and (1.132) are linear
functions of the δ(k) and δ(x). This means that we can consider a small amplitude density
fluctuation field δ(x) as being made up of independent (Fourier) components having different frequencies. We can subject these components independently to a variety of physical
processes, and provided they remain small, we can then re-assemble the results into a new
field that is the consequence of the physical processes acting on δ(r).

1.15.2 Further normalisation issues
This is in part
repeated in several
places

Matarrese et al. (1997, Appendix A) summarise several important possibilities for deploying the 2π factors in the definition of the Fourier transform, the power spectrum and the
bispectrum. In terms of the preceding definitions they write
Z
1
δk =
δ(x)e−ik·x dx
(1.134)
V
hδk1 δk2 i = D P(k) δD (k1 + k2 )
(1.135)
hδk1 δk2 δk3 i = E B(k1 , k2 , k3 ) δD (k1 + k2 + k3 )

(1.136)

The constants V, D and E are all independent. We follow Bertschinger (1992) in putting V
= (2π)3 and D = E = 1.
35
36

Kolb and Turner (1990) comment in a footnote that “The reader may wish to follow the advice of one of the
authors to ignore the various factors of V; they play no crucial role.”
This lacks rigour, but it is in fact the limit of (1.131) as the grid becomes finer and δk → δ(k). Following the
advice of the previous footnote we could then simply set V = 1 and everything would look fine.
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1.15.3 Density fluctuations on a grid
There are several approaches to this, aspects of which are discussed in Bertschinger (1992,
§5.8, which we follow closely here).37
The standard way around this in cosmology is to consider a box of side L and volume V
which is far larger than the length scale any of the phenomena of interest and divide it up
onto a regular grid of N 3 cells. We then use the discrete Fourier transform representation
of a density field on an N × N × N grid.
Representing cosmological density fields and their Fourier counterparts on a lattice is
important for computational purposes. When we sample the density field on a cubic lattice
we shall denote the sample values by δ(xj ) to denote the value of the function δ(x) at the
grid point identified by the grid label ( j1 , j2 , j3 ) in each of the three coordinate directions
and whose coordinate position is xj .38 We shall suppose that the cube is divided into a
lattice of N 3 sub-cubes, so the grid spacing is ∆x = L/N , which corresponds to a grid
spacing ∆k = 2π/L in the Fourier k-space. The normalisation VL is then VL = N 3 (compare
with equation 1.72). The Fourier transform pair for a lattice spacing of ∆k = L/N, in our
conventions, is
X
1 X ik·xj
e
δ(xj ), δ(xj ) =
eik·xj δk
(1.137)
δk = 3
N j
k
The subscripts on the sums is understood to range over the lattice points in real space and
in Fourier space.
The field δ(k) is the limit of the grid-sampled values δk as the grid size is reduced to
zero. From (1.132) this is
!3
∆x
δ(k) = lim
n3 δk = lim (∆k)−3 δk
(1.138)
∆k→0 2π
∆k→0
and we see that in this formulation the δk are dimensionless numbers. We now arrive at
the relationship between the variance of the random process δk and the power spectrum
defined on a grid having spacing ∆k = 2π/L:
h| δk |2 i ≃ P(k)(∆k)3

(1.139)

with equality in the limit ∆k → 0. Here P(k) is the power spectral density and h| δk |2 i is
the power per Fourier mode. In other words, P(k)(∆k)3 is the contribution to the variance
of δ(x) from waves in a volume (∆k)3 at wave-vector k.

37
38

The excellent Bertschinger (1992) article is, unfortunately, not readily accessible. I have, accordingly, taken
the liberty of adapting the contents of section §5.8 of that article for the present discussion.
This notation may strike the reader as somewhat arcane, but that is what is used in practice. We could label the
points simply by their j = ( j1 , j2 , j3 ) values, but we prefer to keep an explicit reference to the actual physical
coordinates xj .
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